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Abstract 
The cycle double cover conjecture is equivalent to the 'pseudosurface embedding conjecture' 
that every 2-connected graph has a closed 2-cell embedding in some pseudosurface. The 'strong 
embedding conjecture' asserts that every 2-connected graph has a closed 2-cell embedding in 
some surface. The concern of this paper is an even stronger topological conjecture mentioned 
by Seymour-the 'genus strong embedding conjecture', that every bridgeless cubic graph has a 
closed 2-cell embedding in its minimum genus surface. 
A surface 2; is said to have the genus trong embedding property if every 2-connected graph 
for which it is the minimum-genus surface has a closed 2-cell embedding in 2;. It is well-known 
that the sphere has the genus strong embedding property. Negami, and Robertson and Vitray 
have proved that the projective plane also has the genus strong embedding property. 
We prove in this paper a structure theorem for minimum-genus embeddings and embeddings 
with the minimum number of repeated vertices and edges in their facial walks (if the strong 
embedding conjecture is true, then this number is zero). This structure property leads to upper 
bounds on the number of repeated vertices and edges in the facial walks for such embeddings 
of 3-connected graphs. Examples are given that show these bounds are the best possible for 
minimum-genus embeddings. These examples also show that the sphere and the projective plane 
are the only surfaces having the genus strong embedding property, thereby extending Xuong's 
counterexample graph for the torus. An open problem mentioned in Bender and Richmond's 
paper 1990 is also solved. 
I. Introduction 
In this paper, all graphs are finite and simple. The vertex set and the edge set 
of a graph G are denoted by V(G) and E(G), respectively. Surfaces denoted by S 
are compact 2-manifolds with empty boundary. The rotation scheme (rotation 
projection) notation for a graph embedding in a surface follows that used in [5] (see 
Section 3.2). 
Let ~ be an embedding of a graph. Then 7/ is said to be an open 2-cell embeddin9 
i f  every face of h v is homeomorphic to an open disk, and ~P is said to be a closed 2-cell 
embeddiny if the closure of each face is homeomorphic to a closed disk. Equivalently, 
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a closed 2-cell embedding is an embedding such that the boundary of every face is 
a circuit in the graph. The strong embedding conjecture states that every 2-connected 
graph has a closed 2-cell embedding in some surface. A minimum-genus surface of a 
graph G is a surface of maximum Euler characteristic in which G can be embedded. 
A minimum-genus surface of a graph can be either orientable or non-orientable. An 
embedding of G in a minimum-genus surface is called a minimum-genus embedding. 
A surface Z is said to have the genus strong embedding property if every 2-connected 
graph for which it is the minimum-genus surface has a closed 2-cell embedding in L'. 
The genus strong embedding conjecture (Conjecture 3.4 in [10]), which is stronger 
than the strong embedding conjecture, states that every surface has the genus strong 
embedding property. It is well-known that the sphere has the genus strong embedding 
property. Negami [8] and, independently, Robertson and Vitray [9] have proved that 
the projective plane also has the genus strong embedding property. Xuong [1 l] pre- 
sented a 2-connected cubic graph which shows that the torus does not have the genus 
strong embedding property. Other counterexample graphs for the torus can be found 
in [2,6]. 
In [3], Bender and Richmond found s3(S), where s3(S) is the maximum number of 
singular edges (a singular edge is an edge that is only associated with one face) over all 
embeddings of all 3-edge-connected graphs in the surface S. Thus they considered the 
opposite extreme property of embeddings from the genus strong embedding property. 
They showed that sa(sphere)= 0, sa(projective plane)= 1 and s3(S) = 3 - 3x(S ), for 
any other surface S, where z(S) is the Euler characteristic of S. They also mentioned 
an open problem, that is to determine ~3(S), the maximum number of singular edges 
over all embeddings of all 3-edge-connected graphs in the minimum-genus surface S. 
The known results are ~3(torus) = ~3(Klein bottle)= 1 and ~3(projective plane) = 0 
(see [3]). 
Let ~ be an open 2-cell embedding. If ~ is not a closed 2-cell embedding, 
then there are repeated vertices or edges in some facial walks (the definition of a facial 
walk is given in Section 2). In this paper we prove a structure theorem for minimum- 
genus embeddings and embeddings with the minimum number of repeated vertices 
and edges in their facial walks (if the strong embedding conjecture is true, then this 
number is zero). This structural property leads to upper bounds on the number of 
repeated vertices and edges in the facial walks for such embeddings of 
3-connected graphs. Examples are given which show that these bounds are the best 
possible for minimum-genus embeddings. These examples also show that the sphere 
and the projective plane are the only surfaces having the genus strong embedding 
property, thereby extending Xuong's counterexample graph for the torus. In addi- 
tion, ~3(S) are determined for all surfaces, which solves the open problem 
in [3]. 
This paper is organized as follows. Section 2 contains ome notation and techni- 
cal lemmas. In Section 3, we prove the main result, namely, the structure theorem. 
In Section 4, we give upper bounds for the number of principal ~-minimal curves in 
embeddings. In Section 5, we construct the examples mentioned above. 
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2. Notation and some technical results 
All embeddings in this paper are open 2-cell embeddings. The Euler characteristic 
of an open 2-cell embedding ~o is denoted by Z(~) with X(~) = V-  E + F, where 
we abbreviate the cardinalities of vertices, edges and faces by V,E,F, respectively. Let 
f be a face of an open 2-cell embedding ~ of a 2-connected graph G. Following the 
circular order of the open disk f ,  the boundary of .f is traced out by a closed walk 
in G, unique up to rotations and reversal of direction, called the facial walk of f .  A 
face f is bad if the facial walk of f is not a circuit in the graph. 
An edge e is said to be a monofacial edge (called singular edge in [3]) of a face f 
if it appears twice in the facial walk of f .  A monofacial edge e is consistent if e is 
traversed twice in the same direction in the facial walk; otherwise, it is inconsistent. 
All monofacial edges in an orientable mbedding are inconsistent. Similarly, a vertex 
v is said to be a multiple vertex of a bad face f if it appears in the facial walk of f 
more than once. In particular, v is a double vertex of f if v appears exactly twice in 
the facial walk of f .  A vertex v may be a multiple vertex of different faces. 
Let v be a vertex of G and el,e2 be two consecutive dges in the edge rotation 
at v. These two consecutive dges form a section of a facial walk of a face f and 
we define such a pair of edges to be a corner (el,e2) of f .  Comers are well-defined, 
except possibly when the common incident vertex of el,e2 is divalent. 
Suppose v is a multiple vertex of a bad face f .  Then there are at least two comers 
of f at v. Note that different comers may have a common edge and this happens when 
the common edge is a monofacial edge of f .  If (el,e2) and (erl,e~) are two distinct 
comers of the same face f at v, call (el,e2) and (e'l,e~) a monofacial pair of comers. 
A monofacial pair of comers is called consistent if the two comers are traversed in 
the same direction in the facial walk; otherwise, the pair is inconsistent ( his definition 
is similar to that of consistency of monofacial edges). 
Let Re(v, f )  denote the repetition number of a multiple vertex v appearing in the 
facial walk of a bad face f ,  and Me denote the number of monofacial edges in 7 j. 
Let 
Re = (S,~fRe(v,f)) - 2me, (2.1) 
where the summation i  (2.1) is over all pairs (v , f )  with f a bad face and v a multiple 
vertex of f .  Then Re is called the repetition umber of 7 ~ and is a measure of how 
far the embedding 7j is from being a closed 2-cell embedding. Since both end-vertices 
of a monofacial edge are multiple vertices and each appearance of a monofacial edge 
in the facial walk results in a repetition of each of its end-vertices, we count these 
two repetitions of a multiple vertex as one in Re. This accounts for the term -2Me 
in (2.1). Clearly, if all repetitions of multiple vertices are due to monofacial edges, 
then Re = 2My. An embedding of a cubic graph with some monofacial edges is an 
example of this case. 
Let Z" be a surface and F be a simple closed curve in 2;. Then F is said to be 
non-separating or separating if 2~\F is connected or disconnected, respectively. F is 
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2-sided if it is orientation-preserving and 1-sided if it is orientation-reversing. 11 is 
said to be essential if it is not null-homotopic. Epstein has the following useful 
result. 
Lemma 2.1 (Epstein [4, Lemma 2.4]). Let ~ be a surface and 111 and 112 be two 
disjoint essential 2-sided simple closed curves. I f  I"2 is homotopic to 111, then 111 and 
112 bound a cylinder. 
Suppose that U is an open 2-cell embedding of a 2-connected graph G in a non- 
spherical surface S. The representativity of ~ is defined to be p (U)= min {lllnGI : 11 
is an essential closed curve in S}. A closed curve 11 in ~ is U-minimal if 11 is simple, 
essential, 11 N G c V(G) and I110 GI = p(~). Let v be a multiple vertex of a bad face 
f and (el,e2),(e~l,e~) a monofacial pair of  comers at v. Then there exists a simple 
closed curve F in S which passes through the pair of comers (el, e2), (e~l, eL) and the 
face f ,  and meets G only at v. The curve F is essential as v is not a cut-vertex of G. 
Therefore 11 is a q-minimal curve. Denote such a U-minimal curve by 11(et,e2),(e~,e~)" 
Thus, it is easy to see that for each monofacial pair of comers there is a corresponding 
~U-minimal curve. Robertson and Vitray have the following result: 
Lemma 2.2 (Robertson and Vitray [9, p. 297]). An embedding U in a non-spherical 
surface is an open 2-cell embedding but not a closed 2-cell embeddin9 if  and only if  
p (~)  = 1 and G is connected. 
Let U be an embedding of G in S with p(U)  = 1. Then there are some U-minimal 
curves in Z; and each meets G only once. Every U-minimal curve passes through 
a monofacial pair of  comers. By Lemma 2.2, U is an open 2-cell embedding, and 
therefore very face is homeomorphic to an open disk. The following two propositions 
are immediate. 
Proposition 2.3. Let U be an embeddin9 with p(U) = 1. Let v be a multiple vertex 
and (ebe2), (e~,e~) a monofacial pair of  corners at v. Suppose FI and F2 are two 
U-minimal curves passing throu9 h the same pair of  corners (ebe2) and (e~,e~). Then 
111 and 112 are homotopic. 
Proposition 2.4. Let U be an embedding with p(U) = 1 and e be a monofacial edge 
with end-vertices vl and v2. Then any U-minimal curve passing through the pair of  
corners at Vl with e as a common edge and any U-minimal curve passin9 through 
the pair of  corners at v2 with e as a common edge are homotopic. 
Theorem 2.5. Let U be an embeddin9 of a 9raph G with p(~P) = 1. Suppose v is a 
multiple vertex. Then the monofacial pairs of corners at v of a face f are in one-to- 
one correspondence with the (homotopy classes of) U-minimal curves passin9 through 
v and f .  Moreover, let (el,e2) and (e~,e~z) be a monofacial pair of  corners of f .  
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Fig. 1. 
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Then (el, e2) and (e~, e~2) form a consistent monofacial pair of corners if F(e,,e2),(e,l,e~ ) 
is 1-sided and an inconsistent monofacial pair of corners if F~e,,e2),¢e',,e~) is 
2-sided. 
ProoL By Proposition 2.3, it is obvious that there is a one-to-one correspondence 
between the monofacial pairs of comers at v and the tP-minimal curves passing 
through v. 
Let (ebe2) and (e/1,e~) be a monofacial pair of comers of f .  Let W be one of the 
sections of the facial walk of f between the two appearances of v corresponding to the 
two comers. Without loss of generality, we may assume that F is in the neighborhood 
of W. Since (e l ,e2) ,  1 / (el,e2) is a consistent monofacial pair of comers if and only if W 
passes through an odd number of cross-caps (here, the surface must be non-orientable 
and we may view the surface as a sphere with a number of cross-caps) and so does 
F~,,,.e2)te't,e~), thesecond half of Theorem 2.5 also holds. [] 
We need the following operation from [12]. 
Operation 2.6 (Zha [12, Operation 1]). Let tit' be an open 2-cell embedding of a graph 
G in _r and e = xy a consistent monofacial edge of a face f with facial walk 
xeyPlxeyP2. By viewing the local embedding as a rotation projection and placing a 
'x '  on the edge e, we obtain an embedding 71, in a surface 2 "/with ;((~/) = X(~)+ 1. 
The facial walk xeyPlxeyP2 in ~ is divided into two facial walks xeyPl and xeyP2 in 
~1, and all other facial walks remain unchanged. The edge e is no longer a monofacial 
edge in tp, and thecefore Re, ~<Re - 2. Similarly, suppose v is a multiple vertex of f ,  
and (a,b), (c,d) is a monofacial pair of comers. By changing the rotation projection 
as shown in Fig. l(b), we obtain an embedding ~1 in U with ;((~P') -- ; ( (~)+ 1 
and R~, ~<Re-  2. The facial walk avb...dvc.. ,  in ~ is divided into two facial walks 
arc.., and bvd.., in ~f, while all the other facial walks remain unchanged. 
In Fig. 1, an edge with a 'x '  means that edge is twisted, and hence when traversing 
the facial walk one should cross that edge from one side to the other. If an edge has 
a '× '  on it, then it becomes an ordinary edge when a second '× '  is placed on it. 
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Lemma 2.7. Let U be an embedding of a 2-connected graph G with p(U) = 1, either 
in its minimum-genus surface or with Re minimum. Then all U-minimal curves are 
2-sided and non-separating. 
Proof. Suppose there is a U-minimal curve that is 1-sided and meets G at a vertex 
v. By Theorem 2.5, there is a consistent monofacial pair of comers (el,e2), (e'l,e ~) 
at v. Applying Operation 2.6 to (el,e2), (e'l,e ~) we obtain a new embedding 7" with 
z(U ~) = Z(T)+ 1 and Re, <Re,  which contradicts the assumptions. Therefore all 
U-minimal curves must be 2-sided. Since any U-minimal curve meets G only once, it 
cannot be a separating curve as G is 2-connected. [] 
3. A structure theorem 
In this section, we prove a structure theorem of minimum-genus embeddings and 
embeddings with Re minimum. We need the following two operations. 
Let 2" be a surface and Fi, F2 be two 2-sided non-separating simple closed curves 
in S. Define F2 to be orthogonal to FI if F2 intersects F1 only once up to homotopy. 
Operation 3.1. Let U be an embedding of G in 27 with p (U)= 1, and FI,F2 be two 
2-sided non-separating U-minimal curves such that F2 is orthogonai to F~. Suppose 
F1 f) F2 = F1 N G = {v}. By cutting 27 along Fl and capping it off with two closed 
disks, we obtain an embedding U' of a graph G' in Z' with z(U ~) = )((U)+2, where 
G ~ is obtained from G by an appropriate splitting of v into two vertices vj and v2. 
Since F2 intersects Fl once, F2 becomes a path from vl to v2 in 27~. Identify vl and 
v2 by contracting the segment of F2 between v! and v2. We obtain an embedding T"  
of G in L "~ with Re,,<Re. Note that if 27 is an orientable surface then so is L". 
Operation 3.2. Let ~u be an embedding of G in 27 with p(T)  = 1, and let / ' l ,F2 
be two 2-sided non-separating T-minimal curves such that F2 is orthogonal to r '  1 . 
Suppose El N G = {v}, F2 fq G = {u} and Fl N F2 is in a face f .  By cutting 27 along 
Fl and capping it off with two disks we obtain an embedding U' of a graph G' on 
X', where G ~ is obtained from G by an appropriate splitting of v into two vertices 
vl and v2, and Z(T') = Z(T) + 2. By cutting off a small disk near u and identifying 
the antipodal points on the boundary, we obtain a surface S", which is a connected 
sum of Z' and a projective plane. Identify vl and v2 by sliding V 1 along F2 in S,", 
together with all edges incident with Vl, then passing through the cross-cap as shown 
in Fig. 2. We obtain an embedding ~"  of G in Z'" with Re,, < Re. Note that z~" is 
a non-orientable surface with Z(U") = z(U t) - 1 = ;t(U) + 1. 
With these two operations, we now prove the following important lemma. 
Lemma 3.3. Let T be an embedding of G with p(T)  = 1 either in its minimum- 
genus surface or with Re minimum. Let F1 be a U-minimal curve and F2 be a 
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simple closed 2-sided curve in the surface which is orthogonal to FI. Then I"2 cannot 
be a tp-minimal curve. 
Proof. We prove this lemma by way of contradiction. Let F~ and/"2 be two U-minimal 
curves such that /"2 is orthogonal to F1. Suppose /"l N G = {v}. 
Case 1: /"l and/"2 pass through different faces. In this case F1 N F2 must be a 
vertex on the common boundary of the two faces. Therefore /"1 N/"2 = Fl N G = {v}. 
By applying Operation 3.1 to U we obtain an embedding U' with X(U') -- )~(kv) + 2 
and R~,,<R~,, which is impossible by our assumption. 
Case 2: Fl and/"2 pass through the same face. If/"2 N Ft =/" l  A G -- {v}, then 
we apply Operation 3.1 to U to obtain an embedding with higher Euler characteristic 
and lower repetition number. This is again a contradiction. If F1 N F2 is in f ,  then 
/"1 N G ~ /"2 f) G. Let /"2 fq G -- {u}. By applying Operation 3.2 to ~ we obtain 
an embedding 7~' with Z(U') = )~(7 ~) + 1 and Re, <Re,  which also contradicts our 
assumption. This completes the proof. [] 
Let ~u be an embedding with p(U) = 1 and f be a bad face of U. Let (el,e2) and 
(e3, e4) be two comers of f at a multiple vertex v such that the two corresponding 
appearances of v are consecutive on the facial walk of f among all appearances of v. 
The edges e2 and e3 may be the same when e2 is a monofacial edge. The U-minimal 
curve  /"(e~,e2)(e3,e4) is called a principal U-minimal curve at v. Clearly, if a multiple 
vertex v appears n (n~>3) times on the facial walk of a bad face f ,  then there are n 
principal ~U-minimal curves passing through f and meeting G at v; and if v is a double 
vertex, then there is only one 7J-minimal curve passing through f and meeting G at v. 
Denote by LP(U) the set of all principal !P-minimal curves of an embedding U. Note 
that if an edge e is an inconsistent monofacial edge of U with two end-vertices vl and 
v2, then there are two principal 7J-minimal curves: one is at vi, passing through the 
pair of comers at Vl with e as a common edge, and the other is at v2, passing through 
the pair of comers at v2 also with e as a common edge. By Proposition 2.4, these two 
principal U-minimal curves are homotopic, and ~(U)  contains only one of them. 
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Theorem 3.4. Let g be an embedding of a graph with p (g)  = 1, either in its 
minimum-genus surface or with R~, minimum. Then all principal g-minimal curves 
in 5_e(g) are disjoint up to homotopy, namely, they do not intersect each other 
transversely. 
Proof. Let FI and F2 be two principal g-minimal curves. If they pass through different 
faces, then iF1 A F2] ~< 1. Suppose F1 fq F2 = {v}. If the edges in a comer through 
which F] passes are separated in the edge rotation at v by the edges in comers through 
which F2 passes, then Fl and F2 are orthogonal, which is impossible by Lemma 3.3. 
Therefore, v is only a 'touch point' of F] and F2. Hence F] and/'2 are disjoint up to 
homotopy. 
Now we assume F1 and F2 pass through the same face. Any two g-minimal curves 
passing through the same face intersect each other at most twice, once on the boundary 
and once in the face. Since a principal g-minimal curve passes through two consecutive 
monofacial comers at a multiple vertex in the facial walk, any two principal g-minimal 
curves do not intersect each other in the face. Hence they intersect each other at most 
once. By Lemma 3.3, they cannot intersect each other transversely, and therefore the 
lemma is true. [] 
Theorem 3.5. Let g be an embedding with p (g)  = 1, either in its minimum-genus 
surface or with Re minimum. Let v be a multiple vertex of a bad face f and 
el,ez . . . . .  et, t>~3, be all edges incident with v in an anticlockwise order accord- 
ing to the rotation projection (see Fig. 3(a)) such that ei is on the facial walk of 
f ,  for i = 1,2 . . . . .  t. Then ei's appear in the facial walk of f in sequence; i.e., the 
facial walk of f is 
, , e¢ 
• . .e l  . . . cz l  . . . t ;7 . . .~ , )  . . .~t . . ,~ ,  . . .  
L 1 
(3.1) 
In (3.1), we omit the appearances of v. I f  ei is a monofacial edge of f ,  then e 7 is 
the second appearance of ei in the facial walk. I f  ei is not a monofacial edge, namely 
ei on ly  appears once in the facial walk o f f ,  then delete e 7 from (3.1). The rotation 
projection at v is shown in Fig. 3(b). 
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Proof. We examine the pairs of comers at each vertex v. During our proof we assume 
that there are no monofacial edges at v of f .  The proofs of the cases which have some 
monofacial edges are similar. By Lemma 2.7, we know that all W-minimal curves 
through v are 2-sided, and all monofacial pairs of corners are inconsistent. 
Case 1: The vertex v is a double vertex. The theorem is true in this case since 
there is only one pair of  corners which is inconsistent. 
Case 2: The vertex v appears on the jacial walk of f three times. There are two 
sub-cases. One of them is as required already. The other sub-case has the rotation 
projection as shown in Fig. 4. The edge sequence in the facial walk of f is as the 
following: 
el ve2.., esve6.., e3ve4... (3.2) 
In this sub-case, the principal W-minimal curves F(e,.e2)(e3,e4) and IF(e~,e2)(es.e6) intersect 
each other once and this intersection occurs at v. To see this, one can draw /'(e,.e2)(e~.ea) 
in the neighborhood of the section of the facial walk ve]...e4v, as shown in Fig. 4, 
and draw F(e,.e2)(es,e~) similarly. This is a contradiction to Theorem 3.4. Therefore the 
second sub-case does not exist and the theorem is true in case 2. 
Case 3: The vertex v appears on the facial walk of f more than three times. 
There are more than 3 pairs of corners in this case. Suppose (3.1) does not hold. Let 
(el,e2),(e3,e4) . . . . .  (et-l,e,) be all comers of f at v. Start from comer (el,e2) and 
trace the facial walk. Let (ei, ei+l ) be the first comer such that the following comer at 
v along the facial walk at v is (ei, ei+l) with j ~ i+  2. Therefore the three comers 
(ei, ei+l),(ei+2,ei+3),(eJ, ei+l) appear in the facial walk in the same order as (3.2). 
Therefore F(e.e,÷.)(e,+.,.e~+3) intersects F(e.e,. ~)(ej,ej+L) only once, which is a contradiction. 
Hence Theorem 3.5 is also true in this case. This completes the proof. [] 
4. Application 
As an application of Theorems 3.4 and 3.5, in this section we give an upper bound 
of 15t'(W)l, the maximum number of  principal W-minimal curves of an embedding 
W of any 3-connected graph, with p(W) = 1 either in its minimum-genus surface or 
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with Rq, minimum. We know that the repetition umber and the number of principal 
U-minimal curves are closely related as mentioned earlier. These two numbers vary at 
most I at each multiple vertex. The deviation is due to whether a multiple vertex is a 
double vertex or a vertex with repetition umber /> 3, and whether a multiple vertex 
is an end-vertex of a monofacial edge or not. 
Let Sn denote the orientable surface of genus n (the sphere with n handles) 
and Ark denote the non-orientable surface of genus k (the sphere with k cross-caps). 
A maximal set of simple closed curves c~ = {Cl . . . . .  Cm) in Sn is called a decom- 
position system of Sn if all ci's are disjoint, essential and no two of ci's are homo- 
topic. To define the decomposition system of Ark for k ~> 2 we require two additional 
conditions: (1) all ci's are 2-sided, and (2) for i = 1 . . . . .  m, ci is not an essential 
separating simple closed curve which separates N~ into two connected components 
with one of the components being a projective plane. The second additional condi- 
tion will guarantee that if there is an essential separating simple curve in C, then 
each component contains at least one essential 2-sided non-separating simple closed 
curve .  
Let _r be a non-spherical surface. Let 2(2;) = max{ICgl: ~ is a decomposition system 
of 2;} and c E ~K. If c is an essential separating curve, then c separates 2; into two 
connected components, each being a non-spherical surface with a disk removed. Denote 
by 2;(1) and 2;(2) the two surfaces obtained by cutting _r along c and capping off the 
boundaries with two closed disks. The curve c is split into two curves c p and c', 
where c 'C  2;(1) and c 'C  2;(2), and c' and c" are null-homotopic. If c is a 2-sided 
non-separating curve, then denote by 2;c the surface obtained by cutting L" along c 
and capping it off with two closed disks. The curve c is split into two curves c ~ 
and c" in 2;c, and both c' and c" are null-homotopic. We have the following two 
lemmas. 
Lemma 4.1. Let S be a surface and cl,c2 be two disjoint, 2-sided, essential and 
non-homotopic simple closed curves in 2;. I f  ci is separatin9, then c2 is 2-sided and 
essential in 2;~I ) (or S(~2,)). 
Proof. We may assume that c2 is contained in 2;(I ). Since c2 is disjoint from cl 
in 2;, c2 has an annular neighborhood in 2; which is also disjoint from Cl. This 
annular region is unchanged uring the surgery to obtain -c,~'(1). Hence c2 is 2-sided 
in  y(1)  ~¢1 • 
Suppose c2 is null-homotopic n 2;(I ). Let D be the disk bounded by c2 and c~ he 
the counterpart of Cl in 2;(I ). If c~ is not contained in D, then c2 is also null-homotopic 
in 2;, which is a contradiction. If c~ is contained in D, then cl and c2 are homotopic in 
E, which is also a contradiction. Therefore c2 must be essential in -c,Y'O) and Lemma 4.1 
is true. [] 
Lemma 4.2. Let E be a surface and Cl, c2 be two disjoint, 2-sided, essential and 
non-homotopic simple closed curves in 2;. Suppose ct is non-separatin#. Then 
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( I ) c2 is 2-sided in 2c, ; 
(2) /3" C 2 is null-homotopic in 2,.,, then C 2 is separat&g & S and c2 cuts off one 
handle of 2 containin9 cl; 
(3) /f c2 is non-separatin9 in 2, then c2 is essential in 2,,,. 
Proof. Lemma 4.2(1) can be proved similarly to Lemma 4.1. In the surgery to ob- 
tain 2~c,, the curve cl is split into two simple closed curves c' l and c'(, which are 
null-homotopic in 2o  Let D'~ and D' l' be two disks bounded by c'1 and c'( in 2,,,, 
respectively. Clearly, c2 is not contained in either Dtl or D'(. 
If c2 is null-homotopic in 2:c~, then c2 bounds a disk D2 in 2c, and separates Sc, into 
, l !  two components, D2 and Zc, \D2. If c I and c I are contained in different components, 
since Z can be obtained from z~,., by removing the interior of D~, D~( and identifying d l 
and d(, it is easy to see that ci and c2 are homotopic in 2, which is a contradiction. 
Therefore c~l and c~' are contained in the same component. I f  both c~ and c'( are 
contained in Sc~ \D2, then c2 is null-homotopic in 2, which is impossible. Hence both 
d 1 and c'( are contained in D2. This also implies that 2;\D2 is not null-homotopic in 
2ct, and thus not null-homotopic in Z. Therefore c2 is an essential separating curve 
in S, which separates the handle containing cl from the rest of the surface. Thus 
Lemma 4.2(2) is also true. 
Lemma 4.2(3) is a consequence of Lemma 4.2(2). [] 
Theorem 4,3. Let 2(Z),S,,Nk be as defined at the beyinning of this section. Then 
(1) 2 (N l )=O,  
(2) 2($1) = 2(N2) = ).(N3) = 1, 
(3) 2(Sn) = 3n-  3, for n>~2, 
(4) ~(X,) = 3L~J - 3, for I,>i4. 
Remark. We are actually interested in a special class of decomposition system, the sys- 
tem which contains no essential separating simple curves. If 2; is an orientable surface 
Sn, n ~> 2, or a non-orientable surface Nk, k >~ 4 and k even, then such a decomposition 
system gives 'a pair of pants' decomposition of Sn or Ark. A pair of pants is a sphere 
with the interior of three closed disks removed. If  S is a non-orientable surface Ark 
with k odd and k >~ 5, then such a decomposition system gives a pair of pants decom- 
position of Nk with one pair of pants containing a cross-cap in it. This is illustrated 
by Fig. 5. Note that a decomposition system of a surface is not unique. The result 
that 2(Sn) = 3n - 3 for n>~2 can be found in [1, see p. 87] with some interpretation. 
However, it is not hard to give a direct proof here. We give an induction argument 
in the following proof which also applies to non-orientable surfaces. The reason that 
we allow some essential separating simple curves to be contained in a decomposition 
system is so that we are able to carry out the induction proof, since a 2-sided non- 
separating simple curve c in 2; may become an essential separating curve in ,~c,, for 
some disjoint non-separating simple closed curve cl in _r. 
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Fig. 5. 
Proof of Theorem 4.3. First let the surface be S1 (the toms) and c£ be a decomposition 
system of S1. Suppose cg contains more than one element. Let cl,c2 E ~. Since all 
essential simple closed curves in $1 are non-separating, by Lemma 4.2(3), c2 is essential 
in (Sl)c, = So, the sphere. This is a contradiction. Hence 2($1 )= 1. 
Claim. 2(S,) ~< 3n - 3 for n ~> 2. 
We will prove this by induction. Let c.g = {cl . . . . .  Cm} be a decomposition system of  
Sn. Suppose n = 2. I f  c£ contains an essential separating curve c, then it is clear that 
leg[ ~< 3, since c separates $2 into two connected components, each being a toms with a 
disk removed. If  c£ contains no essential separating curve, by Lemma 4.1 (3), c2 . . . . .  cm 
are essential in Xc, (= $1 ). Since 2($1 ) = 1, the curves c2 . . . . .  Cm are homotopic in Xc,. 
By Lemma 2.1, Xc, is decomposed into m-  1 cylinders. Let e~ and c'( be as defined 
at the beginning of this section. In order to avoid homotopic pairs of ci's in Sz, each 
cylinder must contain one of e~ and e~'. Hence SI can only be decomposed into two 
cylinders and therefore m ~< 3. Thus 2($2) ~ 3. 
Now suppose the surface is Sn, for n i> 3. 
Case 1: One o f  the ci's, say Cl, is an essential separatin9 curve in S,. By 
Lemma 4.1, all ci's, i ~ 1, are 2-sided and essential either in tO)  y.(2) where -ct or -c, , 
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z~(l) ~--- Sml, z~(2) = am 2 with mL,m2>~l and ml +m2 = m. At most two of the C~'s, cl cl 
t i 7 ~ 1, are homotopic to each other in ~c, r(l) (or _~,r(2)~j, and if this happens, c1 must be 
contained in the cylinder bounded by these two homotopic urves. Therefore 
~(s.) <<.(,~(Sm,)+ l) (2(S,,~)+ 1)+ 1 
~<(3ml -2 )+(3m2-2)+l  =3(ml+m2) -3=3m-3 .  
The second inequality is by induction hypothesis. Hence the claim is true in case 1. 
Case 2: All ci's are non-separating in Z. By Lemma 4.2(2), all ci's, i ~ 1, 
are essential in 2:c~ = Sn-t. If ci and cj are homotopic in So,, then ci and cj 
bound a cylinder. This cylinder must contain at least one of c] and C'l'; otherwise 
ci and cj would be homotopic in 2;. Therefore there are at most two pairs of homo- 
topic ci's in 2;~,. Hence 2(Sn)<~)~(Sn-1)+ 3~<3(n- 1 ) -  3 + 3 - -3n-  3. The second 
inequality is by the induction hypothesis. Hence the above claim is true. 
On the other hand, when n>~2, a decomposition system cgn of S, contains at 
least two elements. Choose two elements Cl and c2 in ~n of S,, and a simple closed 
curve c~ which is homotopic to cj, for j = 1,2, and disjoint from all ci's. By Lemma 
2.1, the pair of curves cj and c~ bound a cylinder Hi, for j -- 1,2. These cylinders 
can be chosen pairwise disjoint. Remove the interior of a closed disk Dj from Hi, for 
j = 1,2, and identify two boundary circuits (i.e., add a new handle to S~). We obtain 
a surface S.+l and a decomposition system (O¢~n+l of S.+l, where (~n+l contains all the 
elements in cg. plus c' 1, e L and a circuit winding around the new handle (homotopic to 
the circuit obtained by identifying the boundaries of the disks D1 and D2). Therefore 
• ~(Sn+l )~(an)  + 3. 
Thus the theorem is true for all orientable surfaces. 
We now suppose the surfaces are non-orientable. For the surface Nk with k >~ 3, if k 
is odd, we view Nk as Nk ---- S~k-I)/2#P, a connected sum of an S~k-1)/2 and a projective 
plane, and if k is even, we view Ark as NIk_2)/2#P#P, a connected sum of an S~k-2)/2 
and two projective planes. 
The proof for non-orientable surfaces can be carried out similarly by Lemmas 4.1, 
4.2 and the following facts: 
(a) All essential simple closed curves in Nt (the projective plane) are 1-sided. 
(b) Let c be an essential 2-sided non-separating simple curve in Nk. If k = 2 then 
(N2)¢ --So. If k is odd and k >/3, then (Nk)~ = Nk-z, and if k is even and k >~4, then 
(Nk)~ can be either orientable or non-orientable; i.e., Sck_2)/2 or Nk-2. 
(c) The surface Ark, for k ~>3, can be obtained from an Nk-2 by adding a handle on 
it (removing the interiors of two disjoint closed disks and identifying two boundary 
components, namely, adding a handle to Nk-2 ). If k is even and k >~2, then Ark can 
also be obtained from an Stk-2)/2 by adding a handle to it in a twisted way (removing 
the interiors of two disjoint closed disks and identifying two boundary components in
a reversed order). 
(d) By definition, any decomposition system in N2 or N3 contains no essential sep- 
arating simple closed curves. [] 
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Theorem 4.4. Let G be a 3-connected graph and ~ be an embedding of G in Z with 
p(~) = 1, either in its minimum-genus surface or with R~, minimum. Let LF(~) 
be the set of all principal U-minimal curves of ~. Then [L-a(7~)[ ~<2(Z'). This upper 
bound is the best possible for minimum-genus embeddings. 
Remark. The condition in Theorem 4.4 that G is 3-connected is necessary. We know 
that two disjoint homotopic 2-sided essential simple closed curves bound a cylinder. 
If we choose such two disjoint simple closed curves Fl and F2 as ~U-minimal curves, 
then {Fjn G, F2 fqG} forms a 2-cut of the embedded graph G. In fact, we can construct 
embeddings of 2oconnected graphs in their minimum-genus surfaces, which can be any 
non-spherical surface, orientable or non-orientable, with an arbitrarily large number of 
disjoint principal U-minimal curves. 
Proof of Theorem 4.4. By Lemma 2.7, all U-minimal curves are 2-sided. By 
Theorem 3.4, all principal ~U-minimal curves are disjoint up to homotopy. Note that 
two principal U-minimal curves may touch at a vertex. Since G is 3-connected, all 
elements in L~a(~u) are non-separating. Suppose FI and F2 are two homotopic principal 
U-minimal curves. If Fi and F2 are disjoint, then by Lemma 2.1 they bound a disk. 
If F1 A G = {vl}, then F2 N G = {v2}. Then {Vl,V2} form a 2-cut of G. Since G is 
3-connected, {vt, v2) must be a trivial 2-cut; i.e., vl and v2 are two adjacent vertices 
and only the edge VlV2 is contained in the cylinder bounded by F1 and F2. Hence the 
edge Vl v2 is a monofacial edge and F1, F2 cannot both be contained in £~'(~). If F1 
and F2 touch at a vertex of G, then they bound a degenerated cylinder, which is a 
cylinder with an identified point on its two boundary components. F1 N F2 can only be 
a vertex. Suppose FI fq F2 = Fl f"l G = F2 N G = {v}. If F1 and F2 pass through the 
same face, then since they cannot pass through the same monofacial pair of comers, 
there are edges which are contained in this degenerated cylinder. This implies that v is 
a cut-vertex, which is a contradiction. If FI and F2 pass through different faces, then v 
is also a cut-vertex, which is again a contradiction. Therefore all principal ~U-minimal 
curves in L,e(~) are not homotopic to each other. Since all elements in ,~a(~u) are 
disjoint, 2-sided, non-separating and not homotopic to each other, by Theorem 4.3 the 
theorem is true. 
The upper bound is the best possible for minimum-genus embeddings. This can be 
confirmed by Examples 5.1 and 5.2 in the next section. [] 
5. Examples 
In this section, we construct examples which imply that the upper bounds given 
in Theorem 4.4 are the best possible for minimum-genus embeddings. Recall that a 
surface 2~ is said to have the genus strong embedding property if every 2-connected 
graph for which it is the minimum-genus surface has a closed 2-cell embedding in ~. 
X. Zhal Discrete Mathematics 149 (1996) 261 278 275 
(a) (b) 
Fig, 6. 
The examples in this section show that the sphere and the projective plane are the only 
surfaces having this property. 
Example 5.1. We construct an embedding T of a 3-connected graph with p(T)  = 1 
for every surface S~ with 97>2 (or Nk with k 7>4). These embeddings are minimum- 
genus embeddings. In these embeddings, all ~-minimal curves are principal, and 
I~(q ' ) l  = ½R~, = ,~(S~) (or 2(Nk), respectively), thus attaining the upper bounds 
given in Theorem 4.4. The embeddings are constructed by the following steps: 
Step 1 : For each surface So, for 9 >~ 2, or Nk, for k ~> 4, we construct a decomposition 
system c~ as shown in Fig. 5. If the surface is S 0, for 9 >~ 2, or Nk, where k t> 4 and k 
is even, then the decomposition system c~ gives a pair of pants decomposition which 
contains 2 ( / -  2 (or k -2  when the surface is Nk) pairs of pants (see Fig. 5(a),(c)). 
If the surface is Nk, where k >~ 5 and k is odd, then the decomposition system cg gives 
a pair of pants decomposition i which one pair of pants contains a cross-cap (see 
Fig. 5(b)). 
Step 2: In each pair of pants (including the pair of pants containing a cross-cap), 
embed a subgraph as shown in Fig. 6, such that the embedding is a triangulation 
except for the three faces containing boundaries. Make the subgraph in each pair of 
pants dense enough so that the distance between any two vertices of vi, for i = 1,2, 3, 
is greater than d(X), where the number d(S)  is related to the surface S o (or Nk) and 
will be determined later. 
Step 3: For each element c in c~, which is a component of the common boundaries 
of two pairs of pants, draw an edge ec crossing c and joining two vi's, each from a 
different pair of pants. This gives an embedding 5t' of a graph G. 
Clearly, G is 3-connected, p(~)  = l and ILP(~Y)l = ½Re = 2(Sg) (or 2(Nk)). For 
any c E ~,  ec is a monofacial edge. Each edge ec is in a face of size 8. All other 
faces are triangles. The subgraph in each pair of pants is connected to the rest of the 
graph by three edges. 
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Claim 1. Any minimum-genus embedding of G is not a closed 2-cell embedding. 
Suppose the surface is Sg (the proof for the non-orientable surface Nk can be carried 
out similarly) and ec~, cl E cg, is one of the edges as defined in Step 3. Let ec2 and 
e~ 3, for c2, c3 E c~, be the other two edges such that the subgraph in one of the pair 
of pants is connected to the rest of the graph by e~, for i = 1,2,3. Suppose ~ui is 
a closed 2-cell embedding of G in a surface Z1. Then the edge ec~ must be on the 
boundary of a face whose facial walk traverses through one of ec2,e~ and through 
another pair of pants. Therefore, the size of this face is at least 2d(2;). The number of 
8-faces in ~ is (3g - 3) and of 3-faces is F - (3g - 3). Let E,F (Et,Ft)  denote the 
number of edges and faces in ~P (Tit, respectively). We have 
2E = 8(39-  3) + 3(F -  (3 9 -  3)). (4.1) 
In ~Pl there is at least one face of size not less than 2d(2;). Since all the other faces 
have sizes at least 3, we have 
2E>~2d(Z) + 3(El - 1). (4.2) 
Combine (4.1) and (4.2) and let d(Z) > 4(39-  3). We have F > FI when g~>l. 
Therefore 7sz has lower Euler characteristic than 7 j has. Thus Claim 1 is true. 
Claim 2. 7 ~ is a minimum-genus embedding. 
Let ~2 be any minimum-genus embedding of G. By the same argument to the proof 
of Claim 1, each edge e~, for c C c.g, must be a monofacial edge in ~u2; otherwise 
we have X(~u2) < X(~u). By Lemma 2.7, the ~2-minimal curve passing through e~ 
is 2-sided and therefore c is an inconsistent monofacial edge. Hence e~ appears in a 
facial walk twice and the size of this facial walk is at least 8, since G is simple and the 
girth of G is 3. Let Cl and c2 be any two elements in 5°(~2); then a similar argument 
to the proof of Claim 1 shows that ec~ and ec 2 are not on the facial walk of the same 
face. Therefore there are at least (3n-  3)8-faces in the embedding ~v2. This implies 
that Z(~')>~Z(~2). Hence Z(~)= Z(~2) and ~ is a minimum-genus embedding. 
Claim 3. For any minimum-genus embedding ~3 of G, R~, 3 >>-Re. 
Let ~3 be any other minimum-genus embedding of G. In the proof of Claim 2 we 
have shown that every edge ec, for c E cg, must be an inconsistent monofacial edge in 
~u3, and any two distinct edges ec,, ec2, for Cl, c2 E c~, are not on the facial walk of the 
same face in ~r/3 . Since ec~ and ec2 do not have a common vertex, all ~3-minimal curves 
are disjoint. Any two of these ~3-minimal curves are not homotopic, for otherwise 
they bound a cylinder and G has a non-trivial 2-cut, which is a contradiction. Thus 
Claim 3 is also true. 
By Claims 1, 2 and 3, it follows that the bound in Theorem 4.4 is the best possible 
when the surfaces are Sn, for n/> 2, and Nk, for k/>4. [] 
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Fig. 7. 
Example 5.2. We construct embeddings of 3-connected graphs with p(~)--1 for the 
surfaces $2 and Nk, for k = 2, 3. The idea is similar to Example 5.1. Instead of a 
pair of pants, here we use a cylinder (or a cylinder with a cross-cap) to construct 
embeddings. Let T be a cylinder and P be a cylinder containing a cross-cap. Embed 
a graph H in T (or P) as shown in Fig. 7, so that the embedding is a triangulation 
except for the two faces containing the boundary components. Make H dense enough 
so that the distance between vl and v2 is greater than 4. Identify the two boundary 
components of the cylinder in ordinary order (reversed order), then draw an edge vlv2 
to connect the vertices vl and v2 to obtain an embedding 7Jl (~P2) of a graph G1 (G2) in 
$1 (N2, respectively). Perform the same surgery on the cylinder containing a cross-cap 
to obtain an embedding ~3 of G3 in N3. By a similar argument to those in Example 
5.1, the ~ui, for i = 1,2,3, are minimum-genus embeddings with P(~i) = 1, ILP(~i)l = 
½Re, = 2(Si), where Xi is Sl, N2, N3, respectively. This indicates that the bound in 
Theorem 4.4 is the best possible if the surface is SI,N2 or N3. 
Corollary 5.3. The sphere and the projective plane are the only surJaces havin 9 the 
9enus strong embedding property. 
Let ~3(S) be the maximum number of monofacial edges (or singular edges) over 
all embeddings of all 3-edge-connected graphs in the minimum-genus surface S (see 
Section 1 for reference). We have the following result, which answers the open problem 
mentioned by Bender and Richmond in [3]. 
Corollary 5.4. 
0, 
1, 
~3(S) -- 3n - 3, 
3 Ik/2J - 3, 
S = sphere or projective plane, 
S = Sl, N2 or N3, 
S = S,, for n>~2, 
S =Nk,  Jor k>~4. 
Proof. Notice that in the proof of Theorem 4.4, the argument that ~U-minimal curves 
are non-homotopic for minimum-genus embeddings works similarly if we replace the 
condition of 3-connected for monofacial edges and repeated vertices by the condition 
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of 3-edge-connected for monofacial edges only. The rest of the proof of the upper 
bounds is similar to that of Theorem 4.4. Examples 5.1 and 5.2 show these bounds 
are attainable. 
As mentioned in the first section, the genus strong embedding conjecture fails when 
the surface is the toms. The genus strong embedding conjecture is true if the surface 
is either the sphere or the projective plane. We will see by the following examples 
that the sphere and the projective plane are the only two surfaces where the genus 
strong embedding conjecture is true. These examples indicate that the minimum-genus 
embeddings of some cubic graphs cannot be closed 2-cell embeddings. 
Example 5.5. Let £" be a non-spherical surface and ~ be the embedding in ~" of a 
graph G as given in Example 5.1 or 5.2. In S we split all the vertices of G into 
cubic vertices to obtain an embedding ~ut of G ~ in the resulting raph. Since ~ is a 
minimum-genus embedding of G and G is a minor of G', it follows that ~u' is also a 
minimum-genus embedding of G '. It is clear that I£~q(~)[ = 2(S). 
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